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Abstract: The Dirac approach to constrained systems can be adapted to construct rel-
ativistic invariant theories on a noncommutative (NC) space. As an example, we propose
and discuss relativistic invariant NC particle coupled to electromagnetic (EM) field by
means of the standard term Aµx˙
µ. Poincare invariance implies deformation of the free
particle NC algebra in the interaction theory. The corresponding corrections survive in the
nonrelativistic limit.
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1. Introduction: noncommutative geometry and relativistic invariance.
Noncommutativity of space coordinates [1, 2] can be naturally incorporated into the quan-
tum field theory framework, at least for mechanical models [3-8], using the Dirac approach
to constrained systems [9-11] appropriately adopted to the case. The method implies
that one works with the Lagrangian action in the first order form, the latter being char-
acterized by doubling of the configuration space variables: qA −→ (qA, vA). Noncom-
mutative (NC) version of an arbitrary nondegenerate mechanics can be obtained [7] by
addition of a Chern-Simons type term for vA to the first order action of the initial system:
SNC = S1(q, v) +
∫
dτ v˙Aθ
ABvB . Nontrivial bracket for the position variables q
A appears
in this case as the Dirac bracket, after taking into account the constraints present in the
model. The numerical matrix θAB = −θBA, originating from the Chern-Simons term, then
becames a NC parameter of the formulation. Quantization of the NC system leads to quan-
tum mechanics with ordinary product replaced by the Moyal product. Various new aspects
arising in classical and quantum mechanics on NC space were observed (see [12-20] and
references therein). An apparent defect of the NC models is a lack of relativistic invariance,
mainly due to the fact that the noncommutativity parameter is a constant matrix.
In this work we demonstrate that the noncommutativity does not violate necessarily
the Lorentz invariance, but does lead to non standard realization of the Lorentz group, at
least for the particle models. In the abovementioned approach, coordinates of the extended
configuration space are ordinary (commuting) quantities. So, there is no principal difficulty
to construct a relativistic invariant theory on the extended space. After that, taking into
account the constraints present in the model, one obtains a theory in physical subspace, the
latter being noncommutative and endowed automatically with the Poincare structure. In
particular, NC brackets of the variables are covariant under the Poincare transformations.
Let us discuss how this scheme can be realized for a D-dimensional particle (see [8]
for details). Chern-Simons term can be added to the first order action of the relativistic
particle, without spoiling the reparametrization invariance. As a consequence, the model
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will contain the desired relativistic constraint p2 − m2 = 0. The problem is that the
numerical matrix θµν does not respect the Lorentz invariance. To resolve the problem, let
us consider a particle interacting with a new configuration-space variable θµν(τ) = −θνµ(τ),
instead of the constant matrix. An appropriate action is
S0 =
∫
dτ
[
x˙µvµ −
e
2
(v2 −m2) +
1
θαβθαβ
v˙µθ
µνvν
]
, (1.1)
Here xµ(τ), vµ(τ), e(τ), θµν(τ), are the configuration space variables of the model, ηµν =
(+,−, . . . ,−). Insertion of the term θ2 in the denominator has the same meaning as for the
eibein in the action of massless particle: L = 12e x˙
2. Technically, it rules out the degenerate
gauge e = 0. The action is manifestly invariant under the Poincare transformations δxµ =
ωµνx
ν + aµ, δvµ = ωµνv
ν , δθµν = ω[µαθ
αν]. The crucial observation is that the action is
invariant also under the following local symmetry (with the parameter ǫµν(τ) = −ǫνµ(τ))
δxµ = −ǫµνvν , δθµν = −(θ
αβθαβ)ǫµν + 2θµν(θ
αβǫαβ), (1.2)
associated with the variable θ. The latter can be gauged out (the corresponding first class
constraints will be discussed below), an admissible gauge is
θ0i = 0, θij = const, θ2 ≡ θijθji 6= 0. (1.3)
The situation here is similar to the string theory, where the two-dimensional metric gab(σ
c)
can be gauged out completely (using the reparametrization symmetry): gab = ηab. The
noncommutativity parameter of the gauge fixed version is the numerical matrix θij. The
model is also subject to second class constraints Gµ ≡ pµ−vµ = 0, T µ ≡ πµ− 1
θ2
θµνvν = 0,
where p, π are conjugated momenta for x, v. Let us construct the corresponding Dirac
bracket. After that, taking x, p as the physical sector variables, remaining variables can be
omitted from consideration by using the constraints. The physical subspace turns out to
be noncommutative, with the following Dirac brackets for the physical variables:
{xµ, xν} = 2θ−2θµν, {xµ, pν} = δ
µ
ν , {pµ, pν} = 0, (1.4)
where Eq.(1.3) is implied. Dynamics of the resulting theory corresponds to the free particle,
the Hamiltonian equations of motion are x˙µ = epµ, p˙µ = 0. They are accompanied by the
remaining first class constraint p2 −m2 = 0. As it usually happens in a theory with local
symmetries, Poincare invariance of the gauge fixed version is combination of the initial
Poincare and local transformations which preserve the gauge (1.3)
δxµ = ωµνx
ν − ǫµν(ω)vν + a
µ, δvµ = ωµνv
ν ;
ǫµν(ω) ≡ −θ−2ω[µρθ
ρν], (1.5)
where Eq.(1.3) for θµν is implied. By construction, the brackets (1.4) are covariant with
respect to the Poincare transformations (1.5) (note that v = p on the constraint surface). In
the interacting theory Poincare invariance will require deformation of the free NC algebra,
see (3.8), (3.12).
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Of course, the free particle is not very interesting object (similarly to the nonrelativistic
case, any traces of noncommutativity disappear when formulated in terms of canonical
variables xˆµ ≡ xµ + 1
θ2
θµνvν , see also (1.1)). A possibility to introduce some rather exotic
interaction with electromagnetic (EM) field was discussed previously in [21]). Below we
demonstrate that NC relativistic particle couples to an external EM field by means of the
standard term: Aµx˙
µ.
2. Partially gauge fixed action of NC relativistic particle and interaction
with the electromagnetic field.
To construct action for NC particle on EM background in the manifestly Poincare invariant
form one needs to ensure, besides the Poincare symmetry, the local ǫ-symmetry (1.2) and
U(1) gauge symmetry (another technically nontrivial task is to preserve the first class
character of the relativistic constraint p2 −m2 = 0). To simplify the problem, we consider
here partially gauge fixed version of the model which arises after fixing the gauge (1.3) for
ǫ-symmetry . In this case, one needs to ensure the Poincare and U(1) symmetry of the
action, which is a more simple task.
Starting from manifestly Poincare invariant action of NC particle (1) one finds in the
Hamiltonian formulation the following constraints
Gµ ≡ pµ − vµ = 0, T µ ≡ πµ −
1
θ2
θµνvν = 0,
v2 −m2 = 0, pµνθ = 0, pe = 0. (2.1)
Poisson brackets of the constraints are
{Gµ, Gν} = 0, {T µ, T ν} = −
2
θ2
θµν , {Gµ, T
ν} = −δνµ,
{v2 −m2, T µ} = 2vµ, {Tµ, p
ρσ
θ } = −
1
θ2
δ[ρµ v
σ] +
4
θ4
(θv)µθ
ρσ. (2.2)
Using Eq.(2.2) one can separate the first class constraints related with θµν variable
P
ρσ
θ = p
ρσ
θ −G
α{Tα, p
ρσ
θ } = 0. (2.3)
P
ρσ
θ has vanishing brackets with other constraints and corresponds to the local symmetry
(2). In the gauge (3) for the constraints (2.3) only the space components of the variable
θµν survive. The corresponding partially gauge fixed version of (1) is, evidently
Sgf =
∫
dτ
[
x˙µvµ −
e
2
(vµvν −m
2)−
1
θ2
v˙iθ
ijvj
]
, (2.4)
where θij is now the numerical matrix from (1.3). Physical sector dynamics of the models
(1.1) and (2.4) is the same, which can be confirmed by direct computations.
Let us discuss interaction with the EM background. In the gauge fixed formulation
(2.4), the Poincare transformation (1.5) for the variable xµ involves vµ. For this reason
the background field Aµ(x) is not a Poincare covariant quantity. One can take a field
with general dependence on the configuration space variables: Aµ(x, v). With this choice,
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equations of motion will have corrections of order O( θ
θ2
) as well as other deviations from
commutative case involving
∂Aµ
∂vν
. Since it is not a theory which one expects as NC version
of ordinary particle, we consider here another possibility. Namely, from Eq.(1.5) one finds
Poincare invariant subspace parametrised by the coordinates
xˆµ ≡ xµ +
1
θ2
θµνvν , (2.5)
which obey δωxˆ
µ = ωµν xˆ
ν . (It is interesting to note that they coincide with the canonical
coordinates of the free theory). The field Aµ(xˆ) is a Poincare covariant object. So, as the
interaction theory, let us consider the following action
S =
∫
dτ
[
x˙µvµ −
e
2
(vµvµ −m
2)−
1
θ2
v˙iθ
ijvj+
x˙µAµ
(
x+
θv
θ2
)]
. (2.6)
Note that θ-dependence can not be removed now by a change of variables, similarly
to the case of NC quantum mechanics with a potential. Symmetries of the action are
reparametrizations, Poincare symmetry and local gauge symmetry associated with Aµ(xˆ).
The Poincare transformations are represented by Eq.(1.5), accompanied by δAµ = ωµνA
ν−
nµ(v˙ǫ(ω)A). Here n
µ ≡ x˙
µ
(x˙)2
is a unit vector in the direction of motion of the particle 1.
The transformation is non singular on-shell.
Since the background field depends both on xµ and vµ, one expects that U(1) symmetry
of the gauge fixed version will have a corrected form (note that the symmetry δAµ = ∂µα(x)
is not sufficient to gauge away the time-like component A0(xˆ)). It is indeed the case, and
local gauge symmetry of (2.6) has the form
δAµ(xˆ) = ∂µα(xˆ)− θ
−2nµ(v˙θ∂α(xˆ)), (2.7)
with the parameter α(xˆ). Here and below, the derivative ∂µ is calculated with respect to
xˆµ. As in the commutative space, the symmetry (2.7) ensures absence of negative norm
modes of EM field.
3. Hamiltonian analysis of the model.
To analyze physical sector of the constrained system (2.6), we rewrite it in the Hamiltonian
form. The interaction term leads to a nonlinear deformation of the constraint structure as
compared with the free case. In all the equations below θµν is the numerical matrix (1.3).
The following notations will be used:
θˆµν ≡ 2θ−2θµν , △µν ≡ ηµν − θ
−2θµ
α∂αAν ,
D ≡
[
△+ θˆ(△T )−1F
]
−1
, (3.1)
1Appearance of velocity dependent terms in the Poincare transformation law is a common property of
gauge fixed versions. For example, the transformations for ordinary particle in the light-cone gauge are of
the form δxµ = ωµνx
ν
− (ω0νx
ν)x˙µ, δvµ = ωµνv
ν
− (ω0νx
ν)v˙µ, δAµ = ωµνA
ν
− (ω0αx
α)x˙ν∂νAµ.
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where Fµν is the field strength. Starting from the action (2.6), one finds in the Hamiltonian
formalism the primary constraints
Gµ ≡ pµ − vµ −Aµ(xˆ) = 0, T
µ ≡ πµ +
1
θ2
θµνvν = 0,
pe = 0. (3.2)
and the Hamiltonian
H =
e
2
(vµvµ −m
2) + λ1µG
µ + λ2µT
µ + λepe. (3.3)
Here p, π are conjugated momentum for x, v and λ are the Lagrangian multipliers for the
constraints. On the next step there is appear the secondary constraint
vµvµ −m
2 = 0, (3.4)
as well as equations for determining the Lagrangian multipliers
λ1 = eDv, λ2 = e(△
T )−1FDv. (3.5)
There is no of tertiary constraints in the problem. Poisson brackets of the constraints are
{Gµ, Gν} = Fµν , {T µ, T ν} =
2
θ2
θµν , {Tµ, Gν} = △µν . (3.6)
The constraints Gµ, T µ form the second class system and can be taken into account by
transition to the Dirac bracket. Its manifest form is
{A,B}D = {A,B} − {A,Gµ}
[
Dθˆ
(
△T
)
−1
]µν
{Gν , B}−
{A,Gµ}D
µν{Tν , B}+ {B,Gµ}D
µν{Tν , A}−
{A,Tµ}
[(
△T
)
−1
FD
]µν
{Tν , B}. (3.7)
Now the constraints (3.2) can be used to omit part of variables from consideration. Since
the constraint Gµ = 0 can not be resolved with respect to vµ, we take the variables (x, v)
as the physical sector ones2. The Dirac brackets (in the matrix notations) for the physical
variables are
{x, x} = Dθˆ(△T )−1, {x, v} = D,
{v, v} = (△T )−1FD. (3.8)
In the decoupling limit Aµ → 0 one has the free particle NC algebra (1.4). The Hamiltonian
equations of motion for the theory are
x˙ = eDv, v˙ = e(△T )−1FDv. (3.9)
2First order formulation implies that one can choose different pairs of variables as the physical ones [5].
It leads to equivalent descriptions of the system, as it should be. For example, for ordinary particle on EM
background the sectors x, p and x, v are related as follows: pµ = vµ +Aµ.
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They are accompanied by the constraint v2 − m2 = 0. The equations (3.9) imply the
following second order equation for the coordinate of the particle (in the gauge e = 1):
x¨ = D
[
(△T )−1F − (D−1).
]
x˙. (3.10)
Poincare invariant dynamics on NC space acquires nontrivial corrections of order θˆ, as
compared with the ordinary particle. Expanding r.h.s. of Eqs. (3.8)-(3.10) up to O2(θˆ),
one obtains the first order corrections as follows:
x˙µ = evµ − e
[
θˆ(F −
1
2
∂A)
]µν
vν ,
v˙µ = eFµνv
ν + e
[
1
2
(θˆv)α∂αFµν − (F θˆF )µν +
1
2
(F θˆ∂A)[µν]
]
vν . (3.11)
{xµ, xν} = θˆµν ,
{xµ, vν} = δ
µ
ν − θˆ
µα(F −
1
2
∂A)αν ,
{vµ, vν} = Fµν +
1
2
(θˆv)α∂αFµν−
(F θˆF )µν +
1
2
(F θˆ∂A)[µν]. (3.12)
x¨ = Fx˙+
1
2
(θˆv)α∂αFx˙− θˆFF x˙+
1
2
θˆ∂AF x˙−
1
2
x˙F θˆ∂A− θˆ(F −
1
2
∂A).x˙. (3.13)
In the commutative limit θˆ → 0 the equations (3.11)-(3.13) turn out into the corresponding
equations for ordinary particle on the background Aµ(x). In this limit the Poincare trans-
formations acquire the standard form (the variable vµ disappears from the transformation
law for xµ).
4. Conclusion.
In this work we have presented D-dimensional NC relativistic particle coupled to the back-
ground EM field. To construct Poincare invariant theory on NC space one needs to replace
the numerical NC parameter θµν by a dynamical variable. Local ǫ-symmetry associated
with the variable allows one to impose the gauge θ0i = 0, θij = const. The numerical
matrix θij turns out to be a NC parameter of the physical subspace. The standard inter-
action term can be added to the partially gauge fixed action for the free NC particle (2.4)
without spoiling the Poincare symmetry or the U(1) gauge symmetry. Poincare invariance
on the NC space requires special dependence of the background field on the variables of the
first order formulation: Aµ(x+ θv
θ2
) (for our choice of the physical variables, they turn out
into phase space variables in the Hamiltonian formulation). In turn, this implies modified
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form of the U(1)-transformations (2.7). Another consequence of this special dependence is
that the Poincare invariant dynamics on NC space acquires higher nonlinear corrections of
order θˆ as compared with ordinary particle. Let us point that the method developed can
be directly applied to investigate the rotational invariance in the NC quantum mechanics
as well.
The equations (3.11)-(3.13) can be a starting point for various computations of leading
corrections to ordinary (commutative) theory. An important conclusion from Eq.(3.12) is
that in an interacting Poincare invariant theory one can not use the free particle NC algebra
(1.4) as the leading approximation in θˆ, since the latter is given by (3.12). Nonrelativistic
limit of the algebra (3.12) gives the corresponding NC quantum mechanics with brackets
which are different from (1.4). It can imply revision of the results obtained in NC quantum
mechanics on the basis of Eq.(1.4) [15, 19, 20]. To analyze these problems, it will be
interesting to find a set of canonical variables (i.e. the ones with canonical brackets instead
of Eq.(3.12). Another interesting problem is to find a manifestly Poincare invariant version
of the model (2.6). We suppose also that that the scheme can be realised for the open
string on a B-field background. The formulation developed in [6] in terms of infinitely
dimensional mechanics seems to be appropriate for this aim. These problems will be
discussed elsewhere.
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